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ABSTRACTl  

Thel relationshipl betweenl classicall andl quantuml theoryl isl ofl centrall importancel tol thel 

philosophyl ofl physics,l andl anyl interpretationl ofl quantuml mechanicsl hasl tol clarifyl it.l Ourl 

discussionl ofl thisl relationshipl isl partlyl historicall andl conceptual,l butl mostlyl technicall andl 

mathematicallyl rigorous,l includingl severall references.l Forl example,l thel authorl hasl studiedl howl 

certainl intuitivel ideasl ofl thel foundersl ofl quantuml theoryl havel faredl inl thel lightl ofl currentl 

mathematicall knowledge.l Onel suchl ideal thatl hasl certainlyl stoodl thel testl ofl timel isl 

Heisenberg’sl ‘quantum-theoreticall Umdeutungl (reinterpretation)l ofl classicall observables’,l whichl 

liesl atl thel basisl ofl quantizationl theory.l Similarly,l Bohr’sl correspondencel principlel (inl 

somewhatl revisedl form)l andl Schrodinger’sl wavel packetsl (orl coherentl states)l continuel tol bel ofl 

greatl importancel inl understandingl classicall behaviourl froml quantuml mechanics.l Onl thel otherl 

hand,l nol consensusl hasl beenl reachedl onl thel Copenhagenl Interpretation,l butl inl viewl ofl thel 

parodiesl ofl itl onel typicallyl findsl inl thel literaturel wel describel itl inl detail. 

Thisl combinationl ofl ideasl andl techniquesl doesl notl quitel resolvel thel measurementl problem,l butl 

itl doesl makel thel pointl thatl classicalityl resultsl froml thel eliminationl ofl certainl statesl andl 

observablesl froml quantuml theory.l Thusl thel classicall worldl isl notl createdl byl observation,l butl 

ratherl byl thel lackl ofl it. 

Keywordsl:l Classical,l Quantuml Mechanics,l physics,l mechanical. 

INTRODUCTIONl  

Mostl modernl physicistsl andl philosophersl wouldl agreel thatl al decentl interpretationl ofl quantuml 

mechanicsl shouldl fullfill atl leastl twol criteria.l Firstly,l itl hasl tol elucidatel thel physicall meaningl ofl itsl 

mathematicall formalisml andl therebyl securel thel empiricall contentl ofl thel theory.l Thisl pointl (whichl 

wel addressl onlyl inl al derivativel way)l wasl clearlyl recognizedl byl alll thel foundersl ofl quantuml theory.l 

Secondlyl (andl thisl isl thel subjectl ofl thisl paper),l itl hasl tol explainl atl leastl thel appearancel ofl thel 

classicall world.l Asl shownl byl ourl secondl quotationl above,l Planckl sawl thel difficultyl thisl poses,l andl 

asl al firstl contributionl hel notedl thatl thel high-temperaturel limitl ofl hisl formulal forl black-bodyl 

radiationl convergedl tol thel classicall expression.l Althoughl Bohrl believedl thatl quantuml mechanicsl 

shouldl bel interpretedl throughl classicall physics,l amongl thel foundersl ofl thel theoryl hel seemsl tol havel 

beenl uniquel inl hisl lackl ofl appreciationl ofl thel probleml ofl derivingl classicall physicsl froml quantuml 

theory.l Nonetheless,l throughl hisl correspondencel principlel (whichl hel proposedl inl orderl tol addressl thel 

firstl probleml abovel ratherl thanl thel second)l Bohrl madel onel ofl thel mostl profoundl contributionsl tol 

thel issue.l Heisenbergl initiallyl recognizedl thel problem,l butl quitel erroneouslyl camel tol believel hel hadl 

solvedl itl inl hisl renownedl paperl onl thel uncertaintyl relations.l Einsteinl famouslyl didl notl believel inl 

thel fundamentall naturel ofl quantuml theory,l whereasl Schr¨odingerl wasl welll awarel ofl thel probleml 

froml thel beginning,l laterl highlightedl thel issuel withl hisl legendaryl cat,l andl atl variousl stagesl inl hisl 

careerl madel importantl technicall contributionsl towardsl itsl resolution.l Ehrenfestl statedl thel well-knownl 

theoreml namedl afterl him.l Vonl Neumannl sawl thel difficulty,l too,l andl addressedl itl byl meansl ofl hisl 

well-knownl analysisl ofl thel measurementl procedurel inl quantuml mechanics.l  

Onl thel assumptionl thatl quantuml mechanicsl isl universall andl complete,l wel discussl threel waysl inl 

whichl classicall physicsl hasl sol farl beenl believedl tol emergel froml quantuml physics,l namelyl inl thel 

limitl ~l →l 0l ofl smalll Planck‟sl constantl (inl al finitel system),l inl thel limitl Nl →l ∞l ofl al largel systeml 
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withl Nl degreesl ofl freedoml (atl fixedl ~),l andl throughl decoherencel andl consistentl histories.l Thel firstl 

limitl isl closelyl relatedl tol modernl quantizationl theoryl andl microlocall analysis,l whereasl thel secondl 

involvesl methodsl ofl Cl ∗l -algebrasl andl thel conceptsl ofl superselectionl sectorsl andl macroscopicl 

observables.l Inl thesel limits,l thel classicall worldl doesl notl emergel asl al sharplyl definedl objectivel 

reality,l butl ratherl asl anl approximatel appearancel relativel tol certainl “classical”l statesl andl observables.l 

Decoherencel subsequentlyl clarifiesl thel rolel ofl suchl states,l inl thatl theyl arel “einselected”,l i.e.l robustl 

againstl couplingl tol thel environment.l Furthermore,l thel naturel ofl classicall observablesl isl elucidatedl byl 

thel factl thatl theyl typicallyl definel (approximately)l consistentl setsl ofl histories. 

Thel probleml isl actuallyl evenl morel acutel thanl thel foundersl ofl quantuml theoryl foresaw.l Thel 

experimentall realizationl ofl Schr¨odinger‟sl catl isl nearerl thanl mostl physicistsl wouldl feell comfortablel 

withl (Leggett,l 2002;l Brezgerl etl al.,l 2002;l Chiorescul etl al.,l 2003;l Marshalll etl al.,l 2003;l Devoretl etl 

al.,l 2004).l Moreover,l awkwardl superpositionl arel byl nol meansl confinedl tol physicsl laboratories:l duel 

tol itsl chaoticl motion,l Saturn‟sl moonl Hyperionl (whichl isl aboutl thel sizel ofl Newl York)l hasl beenl 

estimatedl tol spreadl outl alll overl itsl orbitl withinl 20l yearsl ifl treatedl asl anl isolatedl quantum-

mechanicall wavel packetl (Zurekl &l Paz,l 1995).l Furthermore,l decoherencel theoristsl havel madel thel 

pointl thatl “measurement”l isl notl onlyl al procedurel carriedl outl byl experimentall physicistsl inl theirl 

labs,l butl takesl placel inl Naturel alll thel timel withoutl anyl humanl intervention.l Onl thel conceptuall side,l 

partiesl asl diversel asl Bohml &l Belll andl theirl followersl onl thel onel handl andl thel quantuml 

cosmologistsl onl thel otherl havel arguedl thatl al “Heisenbergl cut”l betweenl objectl andl observerl cannotl 

possiblyl liel atl thel basisl ofl al fundamentall theoryl ofl physics. 

Thesel andl otherl remarkablel insightsl ofl thel pastl fewl decadesl havel drawnl widel attentionl tol thel 

importancel ofl thel probleml ofl interpretingl quantuml mechanics,l andl inl particularl ofl explainingl 

classicall physicsl froml it. 

Wel willl discussl thesel ideasl inl morel detaill below,l andl indeedl ourl discussionl ofl thel relationshipl 

betweenl classicall andl quantuml mechanicsl willl bel partlyl historical.l However,l otherl thanl thatl itl willl 

bel technicall andl mathematicallyl rigorous.l Forl thel probleml atl handl isl sol delicatel thatl inl thisl areal 

sloppyl mathematicsl isl almostl guaranteedl tol leadl tol unreliablel physicsl andl conceptuall confusionl 

(notwithstandingl thel undeniablel successl ofl poorl man‟sl mathl elsewherel inl theoreticall physics).l Exceptl 

forl vonl Neumann,l thisl wasl notl thel attitudel ofl thel pioneersl ofl quantuml mechanics;l butl whilel itl hasl 

tol bel acknowledgedl thatl manyl ofl theirl ideasl arel stilll centrall tol thel currentl discussion,l thesel ideasl 

perl sel havel notl solvedl thel problem.l Thusl wel assumel thel readerl tol bel familiarl withl thel Hilbertl 

spacel formalisml ofl quantuml mechanics,l andl forl somel partsl ofl thisl paperl (notablyl Sectionl 6l andl 

partsl ofl Sectionl 4)l alsol withl thel basicl theoryl ofl C 

∗-algebrasl andl itsl applicationsl tol quantuml theory.l Inl addition,l somel previousl encounterl withl thel 

conceptuall problemsl ofl quantuml theoryl wouldl bel helpful. 

 

Whichl ideasl havel solvedl thel probleml ofl explainingl thel appearancel ofl thel classicall worldl froml 

quantuml theory?l Inl ourl opinion,l nonel have,l althoughl sincel thel foundingl daysl ofl quantuml mechanicsl 

al numberl ofl newl ideasl havel beenl proposedl thatl almostl certainlyl willl playl al rolel inl thel eventuall 

resolution,l shouldl itl everl bel found.l Thesel ideasl surelyl include: 

 

•l Thel limitl ~l →l 0l ofl smalll Planck‟sl constantl (comingl ofl agel withl thel mathematicall fieldl ofl microl 

locall analysis); 

•l Thel limitl Nl →l ∞l ofl al largel systeml withl Nl degreesl ofl freedoml (studiedl inl al seriousl onlyl wayl 

afterl thel emergencel ofl C∗l -algebraicl methods); 

•l Decoherencel andl consistentl histories. 

Mathematically,l thel secondl limitl mayl bel seenl asl al speciall casel ofl thel first,l thoughl thel underlyingl 

physicall situationl isl ofl coursel quitel different.l Inl anyl case,l afterl al detailedl analysisl ourl conclusionl 
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willl bel thatl nonel ofl thesel ideasl inl isolationl isl capablel ofl explainingl thel classicall world,l butl thatl 

therel isl somel hopel thatl byl combiningl alll threel ofl them,l onel mightl dol sol inl thel future. 

Becausel ofl thel factl thatl thel subjectl matterl ofl thisl reviewl isl unfinishedl business,l tol datel onel mayl 

adoptl al numberl ofl internallyl consistentl butl mutuallyl incompatiblel philosophicall stancesl onl thel 

relationshipl betweenl classicall andl quantuml theory.l Twol extremel ones,l whichl arel alwaysl usefull tol 

keepl inl mindl whetherl onel holdsl onel ofl theml orl not,l are: 

1.l Quantuml theoryl isl fundamentall andl universallyl valid,l andl thel classicall worldl hasl onlyl “relative”l 

orl “perspectival”l existence. 

2.l Quantuml theoryl isl anl approximatel andl derivedl theory,l possiblyl false,l andl thel classicall worldl 

existsl absolutely. 

Anl examplel ofl al positionl thatl ourl modernl understandingl ofl thel measurementl problem9l hasl renderedl 

internallyl inconsistentl is: 

3.l Quantuml theoryl isl fundamentall andl universallyl valid,l andl (yet)l thel classicall worldl existsl 

absolutely. 

CLASSICALl MECHANICS 

Itl l isl al physicall theoryl describingl thel motionl ofl macroscopicl objects,l froml projectilesl tol partsl ofl 

machinery,l andl astronomicall objects,l suchl asl spacecraft,l planets,l stars,l andl galaxies.l Forl objectsl 

governedl byl classicall mechanics,l ifl thel presentl statel isl known,l itl isl possiblel tol predictl howl itl willl 

movel inl thel futurel (determinism),l andl howl itl hasl movedl inl thel pastl (reversibility). 

Thel earliestl developmentl ofl classicall mechanicsl isl oftenl referredl tol asl Newtonianl mechanics.l Itl 

consistsl ofl thel physicall conceptsl basedl onl foundationall worksl ofl Sirl Isaacl Newton,l andl thel 

mathematicall methodsl inventedl byl Gottfriedl Wilhelml Leibniz,l Joseph-Louisl Lagrange,l Leonhardl 

Euler,l andl otherl contemporaries,l inl thel 17thl centuryl tol describel thel motionl ofl bodiesl underl thel 

influencel ofl al systeml ofl forces.l Later,l morel abstractl methodsl werel developed,l leadingl tol thel 

reformulationsl ofl classicall mechanicsl knownl asl Lagrangianl mechanicsl andl Hamiltonianl mechanics.l 

Thesel advances,l madel predominantlyl inl thel 18thl andl 19thl centuries,l extendl substantiallyl beyondl 

earlierl works,l particularlyl throughl theirl usel ofl analyticall mechanics.l Theyl are,l withl somel 

modification,l alsol usedl inl alll areasl ofl modernl physics. 

Classicall mechanicsl providesl extremelyl accuratel resultsl whenl studyingl largel objectsl thatl arel notl 

extremelyl massivel andl speedsl notl approachingl thel speedl ofl light.l Whenl thel objectsl beingl examinedl 

havel aboutl thel sizel ofl anl atoml diameter,l itl becomesl necessaryl tol introducel thel otherl majorl sub-

fieldl ofl mechanics:l quantuml mechanics.l Tol describel velocitiesl thatl arel notl smalll comparedl tol thel 

speedl ofl light,l speciall relativityl isl needed.l Inl casesl wherel objectsl becomel extremelyl massive,l 

generall relativityl becomesl applicable.l However,l al numberl ofl modernl sourcesl dol includel relativisticl 

mechanicsl inl classicall physics,l whichl inl theirl viewl representsl classicall mechanicsl inl itsl mostl 

developedl andl accuratel form. 

Thel followingl introducesl thel basicl conceptsl ofl classicall mechanics.l Forl simplicity,l itl oftenl modelsl 

real-worldl objectsl asl pointl particlesl (objectsl withl negligiblel size).l Thel motionl ofl al pointl particlel isl 

characterizedl byl al smalll numberl ofl parameters:l itsl position,l mass,l andl thel forcesl appliedl tol it.l Eachl 

ofl thesel parametersl isl discussedl inl turn. 

Inl reality,l thel kindl ofl objectsl thatl classicall mechanicsl canl describel alwaysl havel al non-zerol size.l 

(Thel physicsl ofl veryl smalll particles,l suchl asl thel electron,l isl morel accuratelyl describedl byl quantuml 

mechanics.)l Objectsl withl non-zerol sizel havel morel complicatedl behaviorl thanl hypotheticall pointl 

particles,l becausel ofl thel additionall degreesl ofl freedom,l e.g.,l al baseballl canl spinl whilel itl isl moving.l 

However,l thel resultsl forl pointl particlesl canl bel usedl tol studyl suchl objectsl byl treatingl theml asl 
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compositel objects,l madel ofl al largel numberl ofl collectivelyl actingl pointl particles.l Thel centerl ofl massl 

ofl al compositel objectl behavesl likel al pointl particle. 

Classicall mechanicsl usesl commonl sensel notionsl ofl howl matterl andl forcesl existl andl interact.l Itl 

assumesl thatl matterl andl energyl havel definite,l knowablel attributesl suchl asl locationl inl spacel andl 

speed.l Non-relativisticl mechanicsl alsol assumesl thatl forcesl actl instantaneouslyl (seel alsol Actionl atl al 

distance). 

QUANTUMl MECHANICS 

Itl isl al fundamentall theoryl inl physicsl thatl providesl al descriptionl ofl thel physicall propertiesl ofl naturel 

atl thel scalel ofl atomsl andl subatomicl particles: 1.1 l Itl isl thel foundationl ofl alll quantuml physicsl 

includingl quantuml chemistry,l quantuml fieldl theory,l quantuml technology,l andl quantuml informationl 

science. 

Classicall physics,l thel collectionl ofl theoriesl thatl existedl beforel thel adventl ofl quantuml mechanics,l 

describesl manyl aspectsl ofl naturel atl anl ordinaryl (macroscopic)l scale,l butl isl notl sufficientl forl 

describingl theml atl smalll (atomicl andl subatomic)l scales.l Mostl theoriesl inl classicall physicsl canl bel 

derivedl froml quantuml mechanicsl asl anl approximationl validl atl largel (macroscopic)l scale.l  

Quantuml mechanicsl differsl froml classicall physicsl inl thatl energy,l momentum,l angularl momentum,l 

andl otherl quantitiesl ofl al boundl systeml arel restrictedl tol discretel valuesl (quantization),l objectsl havel 

characteristicsl ofl bothl particlesl andl wavesl (wave–particlel duality),l andl therel arel limitsl tol howl 

accuratelyl thel valuel ofl al physicall quantityl canl bel predictedl priorl tol itsl measurement,l givenl al 

completel setl ofl initiall conditionsl (thel uncertaintyl principle). 

Quantuml mechanicsl arosel graduallyl froml theoriesl tol explainl observationsl whichl couldl notl bel 

reconciledl withl classicall physics,l suchl asl Maxl Planck'sl solutionl inl 1900l tol thel black-bodyl radiationl 

problem,l andl thel correspondencel betweenl energyl andl frequencyl inl Albertl Einstein'sl 1905l paperl 

whichl explainedl thel photoelectricl effect.l Thesel earlyl attemptsl tol understandl microscopicl phenomena,l 

nowl knownl asl thel "oldl quantuml theory",l ledl tol thel fulll developmentl ofl quantuml mechanicsl inl thel 

mid-1920sl byl Nielsl Bohr,l Erwinl Schrödinger,l Wernerl Heisenberg,l Maxl Born,l Paull Diracl andl others.l 

Thel modernl theoryl isl formulatedl inl variousl speciallyl developedl mathematicall formalisms.l Inl onel ofl 

them,l al mathematicall entityl calledl thel wavel functionl providesl information,l inl thel forml ofl 

probabilityl amplitudes,l aboutl whatl measurementsl ofl al particle'sl energy,l momentum,l andl otherl 

physicall propertiesl mayl yield. 

PLANCKl ANDl EINSTEIN 

Thel relationshipl betweenl classicall physicsl andl quantuml theoryl isl sol subtlel andl confusingl thatl 

historiansl andl physicistsl cannotl evenl agreel aboutl thel precisel wayl thel classicall gavel wayl tol thel 

quantum!Asl Darrigoll (2001)l putsl it:l „Duringl thel pastl twentyl years,l historiansl [andl physicists]l havel 

disagreedl overl thel meaningl ofl thel quantal whichl Maxl Planckl introducedl inl hisl black-bodyl theoryl ofl 

1900.l Thel sourcel ofl thisl confusionl isl thel publicationl ofl Thomasl Kuhn‟sl [(1978)]l iconoclasticl thesisl 

thatl Planckl didl notl meanl hisl energyl quantal tol expressl al quantuml discontinuity.‟ 

Asl isl welll knownl (cf.l Mehral &l Rechenberg,l 1982a,l etc.),l Planckl initiallyl derivedl Wien‟sl lawl 

forblackbodyl radiationl inl thel contextl ofl hisl (i.e.l Planck‟s)l programl ofl establishingl thel absolutel 

naturel ofl irreversibilityl (competingl withl Boltzmann‟sl probabilisticl approach,l whichl eventuallyl 

triumphed). 

Whenl newl high-precisionl measurementsl inl Octoberl 1900l turnedl outl tol refutel Wien‟sl law,l Planckl 

firstguessedl hisl famousl expression 

Eν/Nνl =l hν/(ehν/kTl −l 1)l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l  
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forl thel correctl law,l enl passantl introducingl twol newl constantsl ofl naturel hl andl k,19l andl 

subsequently,l onl Decemberl 14,l 1900,l presentedl al theoreticall derivationl ofl hisl lawl inl whichl hel 

allegedlyl introducedl thel ideal thatl thel energyl ofl thel resonatorsl makingl upl hisl blackl bodyl wasl 

quantizedl inl unitsl ofl ενl =l hνl (wherel νl isl thel frequencyl ofl al givenl resonator).l Thisl derivationl isl 

generallyl seenl asl thel birthl ofl quantuml theory,l withl thel associatedl datel ofl birthl justl mentioned. 

However,l itl isl clearl byl nowl (Kuhn,l 1978;l Darrigol,l 1992,l 2001;l Carson,l 2000;l Brush,l 2002)l thatl 

Planckl wasl atl bestl agnosticl aboutl thel energyl ofl hisl resonators,l andl atl worstl assignedl theml al 

continuousl energyl spectrum.l Technically,l inl thel particularl derivationl ofl hisl empiricall lawl thatl 

eventuallyl turnedl outl tol leadl tol thel desiredl resultl (whichl reliedl onl Boltzmann‟sl conceptl ofl 

entropy),20l Planckl hadl tol countl thel numberl ofl waysl al givenl amountl ofl energyl Eνl couldl bel 

distributedl overl al givenl numberl ofl resonatorsl Nνl atl frequencyl ν.l Thisl numberl is,l ofl course,l 

infinite,l hencel inl orderl tol findl al finitel answerl Planckl followedl Boltzmannl inl breakingl upl Eνl intol al 

largel numberl Aνl ofl portionsl ofl identicall sizel εν,l sol thatl Aνενl =l Eν.l 21l Now,l asl wel alll know,l 

whereasl Boltzmannl letl ενl →l 0l atl thel endl ofl hisl correspondingl calculationl forl al gas,l Planckl 

discoveredl thatl hisl empiricall blackbodyl lawl emergedl ifl hel assumedl thel relationl ενl =l hν. 

However,l thisl postulatel didl notl implyl thatl Planckl quantizedl thel energyl ofl hisl resonators.l Inl fact,l inl 

hisl definitionl ofl al givenl distributionl hel countedl thel numberl ofl resonatorsl withl energyl betweenl sayl 

(kl −l 1)ενl andl kενl (forl somel kl ∈l N),l asl Boltzmannl didl inl anl analogousl wayl forl al gas,l ratherl thanl 

thel numberl ofl resonatorsl withl energyl kεν,l asl mostl physicistsl camel tol interpretl hisl procedure.l Morel 

generally,l therel isl overwhelmingl textuall evidencel thatl Planckl himselfl byl nol meansl believedl orl 

impliedl thatl hel hadl quantizedl energy;l forl onel thing,l inl hisl Nobell Prizel Lecturel inl 1920l hel 

attributedl thel correctl interpretationl ofl thel energy-quantal ενl tol Einstein.l Indeed,l thel modernl 

understanding 

ofl thel earliestl phasel ofl quantuml theoryl isl thatl itl wasl Einsteinl ratherl thanl Planckl who,l duringl thel 

periodl 1900–1905,l clearlyl realizedl thatl Planck‟sl radiationl lawl markedl al breakl withl classicall physicsl 

(B¨uttner,l Renn,l &l Schemmel,l 2003).l Thisl insight,l then,l ledl Einsteinl tol thel quantizationl ofl energy.l 

Thisl hel didl inl al twofoldl way,l bothl inl connectionl withl Planck‟sl resonatorsl -l interpretedl byl Einsteinl 

asl harmonicl oscillatorsl inl thel modernl wayl -l and,l inl al closelyl relatedl move,l throughl hisl conceptl ofl 

al photon.l Althoughl Planckl ofl coursel introducedl thel constantl namedl afterl him,l andl asl suchl isl thel 

foundingl fatherl ofl thel theoryl characterizedl byl ~,l itl isl thel introductionl ofl thel photonl thatl madel 

Einsteinl atl leastl thel motherl ofl quantuml theory.l Einsteinl himselfl mayl welll havel regardedl thel photonl 

asl hisl mostl revolutionaryl discovery,l forl whatl hel wrotel aboutl hisl pertinentl paperl isl notl matchedl inl 

self-confidencel byl anythingl hel saidl aboutl relativity:l „Siel handeltl ¨uberl diel Strahlungl undl diel 

energetischenl Eigenschaftenl desl Lichtesl undl istl sehrl revolution¨ar.‟Thisl makesl itl clearl thatl Einsteinl 

specificallyl discussedl thel naturel ofl radiation,l sol thatl neitherl Planckl norl Einsteinl inl factl claimedl thatl 

quantuml theoryl amountedl tol thel „discretizationl ofl nature‟. 

BOHR 

Bohr‟sl brilliantl modell ofl thel atoml reinforcedl hisl ideal thatl quantuml theoryl wasl al theoryl ofl quanta.l 

Sincel thisl modell simultaneouslyl highlightedl thel clashl betweenl classicall andl quantuml physicsl andl 

carriedl thel germl ofl al resolutionl ofl thisl conflictl throughl Bohr‟sl equallyl brilliantl correspondencel 

principle,l itl isl worthl sayingl al fewl wordsl aboutl itl here.l Bohr‟sl atomicl modell addressedl thel radiativel 

instabilityl ofl Rutherford‟sl solar-system-stylel atom:l accordingl tol thel electrodynamicsl ofl Lorentz,l anl 

acceleratingl electronl shouldl radiate,l andl sincel thel envisagedl circularl orl ellipticall motionl ofl anl 

electronl aroundl thel nucleusl isl al speciall casel ofl anl acceleratedl motion,l thel electronl shouldl 

continuouslyl losel energyl andl spirall towardsl thel nucleus.26l Bohrl counteredl thisl instabilityl byl threel 

simultaneousl moves,l eachl ofl strikingl originality: 

1.l Hel introducedl al quantizationl conditionl thatl singledl outl onlyl al discretel numberl ofl allowedl 

electronicl orbitsl (whichl subsequentlyl werel tol bel describedl usingl classicall mechanics,l forl example,l inl 

Bohr‟sl calculationl ofl thel Rydbergl constantl R). 
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2.l Hel replacedl thel emissionl ofl continuousl radiationl calledl forl byl Lorentzl byl quantuml jumpsl withl 

unpredictablel destinationsl takingl placel atl unpredictablel moments,l duringl whichl thel atoml emitsl lightl 

withl energyl equall tol thel energyl differencel ofl thel orbitsl betweenl whichl thel electronl jumps. 

3.l Hel preventedl thel collapsel ofl thel atoml throughl suchl quantuml jumpsl byl introducingl thel notionl ofl 

groundl state,l belowl whichl nol electronl couldl fall. 

Withl thesel postulates,l forl whichl atl thel timel therel existedl nol foundationl whatsoever,l Bohrl explainedl 

thel spectruml ofl thel hydrogenl atom,l includingl anl amazinglyl accuratel calculationl ofl R.l Moreover,l hel 

proposedl whatl wasl destinedl tol bel thel keyl guidingl principlel inl thel searchl forl quantuml mechanicsl inl 

thel comingl decade,l viz.l thel correspondencel principle. 

Inl general,l therel isl nol relationl betweenl thel energyl thatl anl electronl losesl duringl al particularl 

quantuml jumpl andl thel energyl itl wouldl havel radiatedl classicallyl (i.e.l accordingl tol Lorentz)l inl thel 

orbitl itl revolvesl aroundl precedingl thisl jump.l Indeed,l inl thel groundl statel itl cannotl radiatel throughl 

quantuml jumpsl atl all,l whereasl accordingl tol classicall electrodynamicsl itl shouldl radiatel alll thel time.l 

However,l Bohrl sawl thatl inl thel oppositel casel ofl veryl widel orbitsl (i.e.l thosel havingl veryl largel 

principall quantuml numbersl n),l thel frequencyl νl =l (Enl −l En−1)/hl (withl Enl =l −R/n2)l ofl thel emittedl 

radiationl approximatelyl correspondsl tol thel frequencyl ofl thel lowestl harmonicl ofl thel classicall theory,l 

appliedl tol electronl motionl inl thel initiall orbit.l Moreover,l thel measuredl intensityl ofl thel associatedl 

spectrall linel (whichl theoreticallyl shouldl bel relatedl tol thel probabilityl ofl thel quantuml jump,l al 

quantityl outl ofl thel reachl ofl earlyl quantuml theory),l similarlyl turnedl outl tol bel givenl byl classicall 

electrodynamics.l Thisl property,l whichl inl simplel casesl couldl bel verifiedl eitherl byl explicitl 

computationl orl byl experiment,l becamel al guidingl principlel inl situationsl wherel itl couldl notl bel 

verified,l andl wasl sometimesl evenl extendedl tol lowl quantuml numbers,l especiallyl whenl thel classicall 

theoryl predictedl selectionl rules. 

Itl shouldl bel emphasizedl thatl Bohr‟sl correspondencel principlel wasl concernedl withl thel propertiesl ofl 

radiation,l ratherl thanl withl thel mechanicall orbitsl themselves.l Thisl isl notl quitel thel samel asl whatl isl 

usuallyl calledl thel correspondencel principlel inl thel modernl literature.30l Inl fact,l althoughl alsol thisl 

modernl correspondencel principlel hasl al certainl rangel ofl validityl (asl wel shalll seel inl detaill inl Sectionl 

5),l Bohrl neverl endorsedl anythingl likel that,l andl isl evenl onl recordl asl opposingl suchl al principle: 

HEISENBERG 

Heisenberg‟sl (1925)l paperl Uberl diel quantentheoretischel Umdeutungl kinematischerl undl mechanischerl 

¨l Beziehungen32l isl generallyl seenl asl al turningl pointl inl thel developmentl ofl quantuml mechanics.l 

Evenl A.l Pais,l nol friendl ofl Heisenberg‟s,l concededl thatl Heisenberg‟sl paperl markedl ‟onel ofl thel greatl 

jumpsl -l perhapsl thel greatestl -l inl thel developmentl ofl twentiethl centuryl physics.‟l Whatl didl 

Heisenbergl actuallyl accomplish?l Thisl questionl isl particularlyl interestingl froml thel perspectivel ofl ourl 

theme.l  

Atl thel time,l atomicl physicsl wasl inl al statel ofl crisis,l tol whichl variousl campsl respondedl inl differentl 

ways.l Bohr‟sl approachl mightl bestl bel describedl asl damagel control:l hisl quantuml theoryl wasl al hybridl 

ofl classicall mechanicsl adjustedl byl meansl ofl adl hocl quantizationl rules,l whilstl keepingl 

electrodynamicsl classicall atl alll cost.l Einstein,l whol hadl beenl thel firstl physicistl tol recognizel thel needl 

tol quantizel classicall electrodynamics,l inl thel lightl ofl hisl triumphl withl Generall Relativityl nonethelessl 

dreamtl ofl al classicall fieldl theoryl withl singularl solutionsl asl thel ultimatel explanationl ofl quantuml 

phenomena.l Bornl ledl thel radicall camp,l whichl includedl Pauli:l hel sawl thel needl forl anl entirelyl newl 

mechanicsl replacingl classicall mechanics,l whichl wasl tol bel basedl onl discretel quantitiesl satisfyingl 

differencel equations.l  

l Itl wasl Heisenberg‟sl geniusl tol interpolatel betweenl Bohrl andl Born.l Thel meaningl ofl hisl Umdeutungl 

wasl tol keepl thel classicall equationsl ofl motion,l whilstl reinterpretingl thel mathematicall symbolsl 

occurringl thereinl asl (whatl werel laterl recognizedl tol be)l matrices.l Thusl hisl Umdeutungl xl 7→l a(n,l 

m)l wasl al precursorl ofl whatl nowl wouldl bel calledl al quantizationl mapl fl 7→l Q~(f),l wherel fl isl al 
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classicall observable,l i.e.l al functionl onl phasel space,l andl Q~(f)l isl al quantuml mechanicall observable,l 

inl thel sensel ofl anl operatorl onl al Hilbertl spacel or,l morel abstractly,l anl elementl ofl somel Cl ∗l -

algebra.l Asl Heisenbergl recognized,l thisl movel impliesl thel noncommutativityl ofl thel quantuml 

mechanicall observables;l itl isl this,l ratherl thanl somethingl likel al “quantuml postulate”l thatl isl thel 

definingl characteristicl ofl quantuml mechanics.l Indeed,l mostl laterl workl onl quantuml physicsl andl 

practicallyl alll considerationsl onl thel connectionl betweenl classicall andl quantuml relyl onl Heisenberg‟sl 

ideal ofl Umdeutung.l Thisl evenl appliesl tol thel mathematicall formalisml asl al whole.l  

Wel herel usel thel terml “observable”l inl al loosel way.l Itl isl nowl welll recognizedl that Heisenberg‟sl 

claiml thatl hisl formalisml couldl bel physicallyl interpretedl asl thel replacementl ofl atomicl orbitsl byl 

observablel quantitiesl wasl al redl herring,l inspiredl byl hisl discussionsl withl Pauli.l Inl fact,l inl quantuml 

mechanicsl anyl mechanicall quantityl hasl tol bel “reinterpreted”,l whetherl orl notl itl isl observable.l Asl 

Heisenbergl (1969)l recalls,l Einsteinl reprimandedl himl forl thel illusionl thatl physicsl admitsl anl al prioril 

notionl ofl anl observable,l andl explainedl thatl al theoryl determinesl whatl canl bel observed.l Rethinkingl 

thel issuel ofl observabilityl thenl ledl Heisenbergl tol hisl secondl majorl contributionl tol quantuml 

mechanics,l namelyl hisl uncertaintyl relations. 

l Thesel relationsl werel Heisenberg‟sl ownl answerl tol thel quotel openingl thisl paper.l Indeed,l matrixl 

mechanicsl wasl initiallyl anl extremelyl abstractl andl formall scheme,l whichl lackedl notl onlyl anyl 

visualizationl butl alsol thel conceptl ofl al statel (seel below).l Althoughl thesel featuresl werel initiallyl quitel 

tol thel likingl ofl Born,l Heisenberg,l Pauli,l andl Jordan,l thel successl ofl Schr¨odinger‟sl workl forcedl 

theml tol renegel onl theirl radicall stance,l andl lookl forl al semiclassicall picturel supportingl theirl 

mathematics;l thisl wasl al considerablel U-turnll foundl suchl al picture,l claimingl thatl hisl uncertaintyl 

relationsl providedl thel „intuitivel contentl ofl thel quantuml theoreticall kinematicsl andl mechanics‟l (asl hisl 

paperl wasl called).l Hisl ideal wasl thatl thel classicall worldl emergedl froml quantuml mechanicsl throughl 

observation:l „Thel trajectoryl onlyl comesl intol existencel becausel wel observel it.‟l Thisl ideal wasl tol 

becomel extremelyl influential,l andl couldl bel regardedl asl thel originl ofl stancel 1l inl thel Introduction. 

THEl LIMITl ~l →l 0l  

Itl wasl recognizedl atl anl earlyl stagel thatl thel limitl ~l →l 0l ofl Planck‟sl constantl goingl tol zerol shouldl 

playl al rolel inl thel explanationl ofl thel classicall worldl froml quantuml theory.l Strictlyl speaking,l ~l isl al 

dimensionfull constant,l butl inl practicel onel studiesl thel semiclassicall regimel ofl al givenl quantuml 

theoryl byl formingl al dimensionlessl combinationl ofl ~l andl otherl parameters;l thisl combinationl thenl re-

entersl thel theoryl asl ifl itl werel al dimensionlessl versionl ofl ~l thatl canl indeedl bel varied.l Thel oldestl 

examplel isl Planck‟sl radiationl formulal (2.1),l withl temperaturel Tl asl thel pertinentl variable.l Indeed,l thel 

observationl ofl Einsteinl (1905)l andl Planckl (1906)l thatl inl thel limitl ~ν/kTl →l 0l thisl formulal 

convergesl tol thel classicall equipartitionl lawl Eν/Nνl =l kTl mayl welll bel thel firstl usel ofl thel ~l →l 0l 

limitl ofl quantuml theory. 

Anotherl examplel isl thel Schr¨odingerl equationl (2.3)l withl Hamiltonianl Hl =l −l ~l 2l 2ml ∆xl +l Vl (x),l 

wherel ml isl thel massl ofl thel pertinentl particle.l Herel onel mayl passl tol dimensionlessl parametersl byl 

introducingl anl energyl scalel ǫl typicall ofl H,l likel ǫl =l supxl |Vl (x)|,l asl welll asl al typicall lengthl scalel 

λ,l suchl asl λl =l ǫ/l supxl |∇Vl (x)|l (ifl thesel quantitiesl arel finite).l Inl termsl ofl thel dimensionlessl 

variablel ˜xl =l x/λ,l thel rescaledl Hamiltonianl H˜l =l H/ǫl isl thenl dimensionlessl andl equall tol H˜l =l 

−~˜2∆x˜l +l V˜l (˜x),l wherel ~˜l =l ~/λ√l 2mǫl andl V˜l (˜x)l =l Vl (λx˜)/ǫ.l Herel ~˜l isl dimensionless,l andl 

onel mightl studyl thel regimel wherel itl isl smalll (Gustafsonl &l Sigal,l 2003).l Ourl lastl examplel willl 

occurl inl thel theoryl ofl largel quantuml systems,l treatedl inl thel nextl Section.l Inl whatl follows,l 

wheneverl itl isl consideredl variablel ~l willl denotel suchl al dimensionlessl versionl ofl Planck‟sl constant.l  

Although,l asl wel willl argue,l thel limitl ~l →l 0l cannotl byl itselfl explainl thel classicall world,l itl doesl 

givel risel tol al numberl ofl trulyl pleasingl mathematicall results.l These,l inl turn,l renderl almostl 
inescapablel thel conclusionl thatl thel limitl inl questionl isl indeedl al relevantl onel forl thel recoveryl ofl 

classicall physicsl froml quantuml theory.l Thusl thel presentl sectionl isl meantl tol bel al cataloguel ofl thosel 

pleasantriesl thatl mightl bel ofl directl interestl tol researchersl inl thel foundationsl ofl quantuml theory.l  
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Therel isl another,l morel technicall usel ofl thel ~l →l 0l limit,l whichl isl tol performl computationsl inl 

quantuml mechanicsl byl approximatingl thel time-evolutionl ofl statesl andl observablesl inl termsl ofl 

associatedl classicall objects.l Thisl endeavourl isl knownl asl semiclassicall analysis.l Mathematically,l thisl 

usel ofl thel ~l →l 0l limitl isl closelyl relatedl tol thel goall ofl recoveringl classicall mechanicsl froml 

quantuml mechanics,l butl conceptuallyl thel matterl isl quitel different.l Wel willl attemptl tol bringl thel 

pertinentl differencesl outl inl whatl follows. 

CONCLUSIONl  

Letl usl statel thel mainl pointsl ofl thel study.l  

1.l Alll thel calculationsl mustl bel performedl inl thel spacel withl thel Minkowskil metric.l Thisl conditionl 

isl importantl inl thel fieldl theoriesl withl al highl groupl symmetriesl (suchl asl thel theoriesl ofl thel Yang-

Millsl type)l sincel forl suchl theoriesl onel hasl yetl notl beenl ablel tol performl adequatelyl thel analyticl 

continuationl intol thel Euclideanl region.l (Thel factl thatl al theoryl mustl satisfyl certainl conditionsl uponl 

analyticl continuationl inl timel isl clearl from)l Apartl froml that,l inl thel pseudo-Euclideanl metricl onel isl 

ablel tol takel intol accountl externall conditionsl withl nontriviall timel dependencel withoutl anyl restrictions. 

2.l Thel quantizationl canl bel performedl withoutl thel transitionl tol thel canonicall formalisml (seel Sec.2),l 

remainingl inl thel Lagrangel formalisml whichl isl al morel naturall formalisml forl relativisticl fieldl 

theories.l  

3.l Inl obtainingl thel contributionsl tol thel functionall integralsl onlel thel exactl solutionsl ofl thel equationl 

ofl motionl mustl bel takenl intol account.l  

4.l Thel contributionsl tol functionall integralsl arel foundl byl variationl ofl thel classicall nonrenormalizedl 

action,l whichl simplifiesl thel calculationsl considerably.l Thisl importantl featurel ofl ourl approachl isl 

discussedl inl forthcomingl publicationsl inl thel lightl ofl thel phenomenonl ofl spontaneousl symmetryl 

breaking. 
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